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DESIGN OF OPTIMAL TRACKING DISCRETE
CONTROL SYSTEM

Y. Bar-Ness and J. Feinstein

Abstract

Output feedback with a series compensator is considered
for controlling SISO discrete systems. MSE criterion of
design is used in tracking a given input sequence. The plant
can be unstable and/or nonminimum phase, while the compensator
is constrained to be physically realizable and closed-loop
configuration is both stable and physically realizable. Using
variational methods the required compensator is found, and

shown to be the necessary and sufficient optimal solution.
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x4 I. Introduction.

The design of a discrete system to track a given input
sequence is an important problem. The use of the minimum
squared error (MSE) as a criterion of performance in such
problems is well accepted. Kue[l] in treating this problem,

did not take into consideration either the system configuration

or the plant properties, so that in his solution the closed-
loop may be unstable and the compensator obtained might not be
physically realizable.

In this paper, output feedback together with a series
compensator is considered for ccentrolling the system to obtain F
the desired objective. This procedure is particularly suitable
if the required compensator is constrained to be physically
(*)

realizable and the resultant closed-loop system is to be

both stable and physically realizable.

Consider the physically realizable plant transfer function i

+

G(z) = E+(Z)E: (z)
q (z)q (z)

+ + .
where p and gq are polynomials whose zeros are located

inside the unit circle and p  and q are polynomials whose

zeros are located outside this circle.

*

System is physically realizable iff the difference between
the degrees of its transfer function's denominator and
nominator, 2(,), is not less than zero.




» de <f

For the given input sequence Uk and its corresponding

output sequence Wk the squared error is given by,

5 2

EO(Uk-wk) . (2)
Using Parseval's theorem, we get

J = 7%? ¢ E(z)E(z )& (3)

where
E(z) = U(z) - W(z) = } €z (4)

is the 2z +transform of the error sequence.

Denoting the closed-loop transfer function by T(z), we

have

E(z) = (1-T(z))U(2) (5)
with

1) - 2GR ©

where D(z) 1is the compensator transfer function that has to

be obtained such that the squared error is minimized.

e TR b e [ N o 7
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7
3 To solve the minimization problem, it is possible to use
the Wiener filter approach and find T(z). T(z) may even be
? required to be a physically realizable solution. Nevertheless,
,‘ with T(z) available, the required compensator is obtained
}, from equation (6)
H
- - 1 T(z)
D(2) = g2y T-T(2) - (7)

-t

3 Clearly, D(z) must cancel some of the zeros or poles of the
plant G(z), which might be outside the unit circle, thus
yielding an unstable closed-loop system. To cope with the
problem of zero cancellation in the continuous case,

(3] [4]

Newton[z] and, later, Bongiorno and Weston restricted
the plant to be asymptotically stable. Instead, as is done
in this paper, it is reasonable to require that D(z) 1is
allowed to cancel only those poles and zeros of G(z) which

are inside the unit circle. That 1is

D(z) = $(2)2(2) (8)
p (z)B(z)

4 where oa(z) and B(z) are polynomials, yet to be determined.
To obtain these polynomials we define an appropriate

variational problem on a space of polynomials such that it

takes into account the requirements that D(z) be physically

realizable and that T(z) 1is both stable and physically

TP TR WLIH Y T A R Ve T WO+ e < e o1 W e A gy e o e T - - — e et




J
-
]

realizable. From the solution of the variation problem we

obtain the necessary and sufficient condition which D(z) -

T et s m g et 17 i < rimis 0 -

|

f' in particular ©(z) and B(z) - has to satisfy. It turns

Ei out that for D(z) to be the required optimal solution, &(z)
and B(z) must satisfy some polynomial equation whose para-
meters are easily obtained from the input transform U(z)

and the plant G(z) - see Theorem 4.6. Furthermore, we show

T Ao o e e At £,

that under a certain polynomial degree condition, the solution

of this polynomial equation, ®(z) and B8(z), is unique - see

Lemma 4.4, With this, D(z) 1is the required optimal compensator -
‘ see Theorem 4.7. Finally, we calculate the value of the

optimal performance for comparison purpose. Two examples

| supplement the theoretical results.

Although we consider the case of a given input sequence,
nevertheless, it is possible to extend this work to the case
when the input includes noise or distrubances with a given
spectral density.

Youla et al[s] treated a related problem for the con-
tinuous case, and (as in this work) the plant was allowed to
i be unstable and/or nominimum phase. In addition to the funda-
mental difference between the discrete and continuous systems,
Youla's work differs from ours in several respects. The
approaches are quite different. Youla's paper uses spectral
factorization and some of the implicit assumption, might be

rather restrictive (e.g. assumption 6). Secondly the resultant

controller might be physically unrealizable depending on the
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given input or plant, a situation which might alsc be con-
sidered restrictive, particularly if flexible implimentation
of this controller is required (see (5] foortnote on page 7).
Finally, Theorem 1 of Youla constitutes only a necessary
condition. Another reference which may be mentioned is
Volgin[b], who discussed the problem without adequately

solving it.

II. Stating the Problem.

Consider the discrete control system with output feedback
and a series compensator. Let the plant G(z) be given by
equation (1). For a given input sequence Uk’ it is required
to find the polynomials &(z) and B(z) of the compensator

D(z) (equation (8}), such that:

(1) D{z) 1is physically realizable.

(2) The closed-loop transfer function T(z) (equation (6))
is stable and physicall realizable.

(3) The sequared error between the given input sequence
U and its corresponding output sequence Wy is
minimized. (Equivalently, the cost functional of

equation (3) is minimized.)

III. On the Constraints of the Variational Problen.

First, we consider some results related to the constraints
of the variational problem. In terms of the polynomials &(z)

and B(z), the closed-loop transfer function is given by
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T(Z) - (3)2(2) (9)

where,

v(z) = p (z)a(z) +q (z)8(z). (10)

Propcsition 3.1: For T(z) to be physically realizable it is

necessary and sufficient that the degree dv of the polynomial

v({(z) 1in equation (10) satisfies

év = max(§ _ ,8 _ ) (11)
po q8

Proof: From equation (9), if T(z) 1is physically realizable,

then
L. 4 8§ - 6 >0
T="v pa
(12)
> §. > 6 _
v p o
From equation (10)
§, = max($ ,6 ) if & _ £ 6§ _
pa& q¢ p e q B
<& =6 _ if & _ =6 _
p ¢ q B p © q B

and together with equation (12) the result follows. The other

I AT A T

A AV
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direction of our claim is obvious.

Proposition 3.2: Assume that the plant G(z) 1is physically

realizable, then

(a) For both the closed-loop transfer functiorn T(z) and

the compensator D(s) to be physically realizable it is

necessary that

8,=6 _ 28 _, (13)
q B q ¢
in which case,
fp o= Rt Ly (14)
where 2(.) is the excess denominator-nominator zeros.
{(b) On the other hand, if
5\/:5_36_ (13)
q B p @
and
fp 2 Lg- (15)

Then both T(z) and D{z) are physicall realizable.




Proof: (a) Using the fact that G(s) 1is physically realizable

we have from equation (1)

AS ,+8 - (8,+8 )>0 (16)

Similarly D(z) 1is physically realizable implies

e A8+ 8, - (8
P q

+8,) > 0. (17)

+

These two equations together yield

§ + 68,=28 > 6 =3 o+ 6. (18)

But, by Proposition 3.1, for T(z) to be physically realizable

it is necessary that

§, = max(s _ 8 _ ) (19)
po q8

and, together with equation (18), the claim follows.

Furthermore, adding equations (16) and (17), we have

(b) From equation (13) and Proposition 3.1, T(z) is

physically realizable. Also, by equation (13)




-9- E
; ,
Lo =6+ 8 - (8§ + §)
T - .
q g p >
and together with equation (15), using equation (16) for QG’
yield
H
4 § _ + 66 - (¢ t6) 28+ S8 - (6, %38 )>0
ol q |4 q q P p
> 8g 8L (88 )20
p q
Hence, using equation (8), D(z) 1is physically realizable.
IV. The Solution of the Variational Problem
For any given polynomial x(z) of degree dx, let
~ 6x -1
x(z) & z x(z 7). (20)
O |
If x(z) = ianiz , ap # 0 8 =mn, then clearly
n ¢ =i o n-i
x(z) = 2z ¥ aiz1 = 3 az . Also, if x(z) has no zeros
i=0 i=0
at z =0 (i.e., ag # 0), then
‘55{:(5)(. (21)
Proposition 4.1: Let &¢(z) be a rational function of 3z whose
aero and poles are symmetrically located with respect to the




8(z) = U(z)U(z 1.

Then, it is possible to factor ¢(z)

o(z) = _TJr_(ZM:Z_) (22)
P (z)p (z)

+ + .. .
where the zeros of T and p are located inside the unit

circle and those of T and P  are outside it, such that

() = T (2) (23)
0¥ (2) = 07 (z) (24)

and
aT+ = ap+ (25)

Proof: See Appendix A, claim (A-1).
We are now in a position to set the proper variational

problem. Substituting equation (5) into equation (3) yields

' =

J= - § artenaste ey (26)

J

[ 8]

where T(z} is given by equations (9) and (10) and ¢(z)

e N VIR NE oW VI
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r
by equation (22). Therefore,
_ ek ¢ (2)8(z) a (zHsGh T)T() dz
. 2 viz) vz ) o) (2) Z
i Using equations (20) and (21) we have |
C 1 (@@ § (@) ()T () dz |
J = - - - - . (27) :
27j é v(z) V(2) P (z2)p (2) ° j

Hence, J can be considered as a functional on the linear
space P of pairs of polynomials (o(z),B(z)), which is

defined in Appendix B. With the norm

Sy é

B
|1¢x,8)[] = max( ¥ Jo.|, 1 [B;]) (28)
i=0 i=0

defined on P, it can be shown that (see Appendix B) J 1is a

differentiable functional on P whose first variation is given

by
- ~— ~n— + - 2 -
Jlhyh,) = 7 § 9 (@)6(z) p ()1, (2) LT Q) ;T (o)
) O OLNE)
(29)
- G(2)hy(2)%

where h1 and h2 are the variation of @ and 8.
Lemma 4.2: Consider the linear space P, defined in Appendix B

with the norm of equation (28). If
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Gu > 6 _ + $ . (30)
q T
and
1) = § > 6 (31)

then for (@,B) € P to be extremum of the cost functional of

equation (26), it is necessary that

L

c(z) = LLBEIF ()8 (T ()T (2)z ! (32)
v(z)[v(z)'e (2)p (2)z
where
v(z) = p (2)e(z) + q (2)8(2) (33)

has no poles inside the unit circle.

Proof: For J to have an extremum at (%,B) € P, the
variation of equation (29) must vanish for every polynomial

increment hl(z) and hz(z). Define

2
A(z) 8 P (2)d (2)8(2)T  (2)T (2)p (2)z '/d(z)

and

A -

s




B(z) A zv(z)¢+(z)/d(z)

so that A(z) and B(z) have no common zeros (i.e., d(z) 1is

the corresponding g.c.d.). Also, let
u(z) A (B(2)hy(2) - G(2)h,(2)).

The polynomials v(z) and P (z) have no zeros inside the

unit circle and can be disregarded. Clearly,
§, <1+ 6 + & . (34)

For a given a(z) and B8(z), hl(z) and hz(z) can be selected

such that wu(z) could have zero of order Vv < §  + 68 anywhere

in the complex plane, and particularly, inside the unit circle.

From equations (30), (31), (34) and since =3§ ., by

+
[¢] T

equation (25) we deduce that 6u > 6B - 1. Applying Lemma B-2

our claim follows.

Lemma 4.3: Assume that the closed-loop transfer function T(z)
is stable; then for every QT > 0, for c(z) to be analytic
inside the unit circle, it is necessary that

+ ~ = ~= Q'T
T (z)p (z)q (2)z (35)

v(z)

B(z) = zp (2)7(z) (36)
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where 7(z) 1is some polynomial which is together with a(z)

must satisfy the following equation

L
- + + - ~ T
: p(z)a(z) + q (z)rzPp (2)™(z) = T (z)p (z)q (z)z . (37)
I1f, furthermore,
§, =8 > 8 _ (38)
q B p o
then it is necessary that
§p =8 _ + 2y -1 (39)
P
and
6y = 6 .+ & _ (40)
T q
where 2. 4 § -8

T="q8 pra’

On the other hand, if a@(z) and 7(z) are a polynomial
pair solution to equation (37), then with B8(z) as in (36),

c(z) 1is analytic inside the unit circle.

Proof: For T(z) to be stable v(z) must contain only zeros

inside the unit circle. Since ET might be zero then for

c(z) to be analytic inside the unit circle we must have




~- ~- + 2T
B(z)p (z)q (2)T (z)z (41)

v(z)zp (2)7(2)

for some polynomial 7(z). Substituting equation (33), and re-
arranging terms, we have
~= ~=- + dT - +
B(z)[p (z)a (2)T (z)z ° - zq (2)F (2)7(z)]
(42)
= p (2)a(2)1(2)P" (2)z.

Since B(z) and p (z)@(z) are relatively prime and 7(z) is
arbitrary, equation (36) follows. And consequently, from
equation (42) T7(z) must satisfy equation (37). Substituting
equation (36) in equation (37) results in equation (35).

Furthermore, using equation (38) we have
§, = 6 -4 . (43)

Since p (z) and q (z) have no zeros inside the unit circle,

$ = ¢ and ¢6__ =& , and from equation (35) we have

~ - ~ -

. =8  + 6+ 8 o+ 6. . (44)

Also, from equation (36) we have

§. =1+ 6 _ + & . (45)
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Combining equations (43), (44) and (45) and using equation (25),

equation (39) follows. Also, from equation (9)

and substituting for §, from equation (44), equation (40)
follows after simple manipulations.

On the otherhand, if we pick W(z) and o(z) to be a
solution of equation (37) and take B(z) as in equation (36),
then clearly v(z) will have the form of equation (35) and
using equation (32) c(z) 1is obviously analytic inside the

unit circle.

Lemma 4.4: The solution pair of polynomials 7(z) and a(2)

of equation (37),
- - + + ~- ~- 2T
p (2)a(z) + q (z)zep (2)7(z) = T (z)p (2)q (z) (37)

which satisfy

§. =6 + 6. -1 (39)

is unique for all QT > GG
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£
Proof: Assume that T (z2)p (z)q (z)z T and zp* (z) are

relatively prime. To solve equation (37) for the unknown
polynomials @(z) and 7(z), notice that the number of
unknowns (the coefficients of these polynomials) is

n, = 6+ 6, + 2. Using equations (39) and (40)

1 m o

n, = ¢ + 8+ 6 + 6 + 1. (41)

On the otherhand, the number of scalar equations obtained by
equating the coefficients of different powers is given by the

degree of the polynomial on the left

n, = S Lt §__ o+ 6~_ + cST + 1. (42)
T p p
Since, § =6 _ and §__ =& _ it follows that n; = n,.
p P q a

Now, the polynomials p (z) and q (z)zF (z) are
relatively prime and hence their resultant is nonzero, and the
matrix of the coefficients is nonsingular. his ensures the
existence and uniqueness of the solution.

If the polynomials T+(z)ﬁ_(z)ﬁ'(z)z£T and zp (z) are

not relatively prime, we denote their g.c.d. by d(z). Let
a(z) = d(z)u'(z)

zp+(z) = d(z)D'(z). (43)




L.
()P (2,4 (2)z | = d(z)v'(2). (44)

Equation (37) thus becomes

P (2)e' () + q'(2)p' (2)7(z) = v'(z).

This leaves the number of equations and unknowns equal and,

therefore, the previous argument of existence and uniqueness

for the pair a(z) and 7(z) follows.

Lemma 4.5: 1If

L
c(z) = L (2)B(2)p (Z)q (2)T(2)T (z)z | (32)
v(2) [v(6) 170" (2)p (2)2

is analytic inside the unit circle, then the second variation

of the cost functional of equation (26) is given by

.- ~- [} -

2 _ 1 p_(z)q (z) T z z)
Jlh,,h,)] = = o(z) >

WiIthy,hyd = 55 §7 viz)]2 ()12 s)

[B(2)R, (2) - (2)h,(2)][8(2)h)(2) - @(z)h,(2) 192

and is positive semidefinite.

Proof: Notice that the integrand of the first integral of

equation (B-11) in Appendix B equals «c(z)/v(z). Therefore, it

is analytic inside the unit circle and the integral is zero for




every selection of hl(z) and hz(z). The second integral of
equation (B-11) which is given in equation (45) can be rewritten
in the form (see also equation (B-5))
2 1 -1 dz
W2athy by = B G @ TG T e () L (46)
Using Parseval's theorem, equation (46) can be represented as
a sum of squares, hence uzJ[ ] 1s positive semidefinite.

Finally, our results can be summarized as follows.

Theorem 4.6 (necessary condition): Let the input sequence for

the discrete control system with output feedback be Uk and its

z-transform U(z). Define

o(2) 8 U()U L(z) = LT () (22)
p (z)p (2)

If the plant is physically realizable and given by

G(z) = +(Z) :(Z) (1)
qQ (z)q (z)
then for the compensator

a_(2)2(z) (2)
p'(2)8(2)

D(z)

to be the optimal solution to the problem stated in Section II,

it is necessary that

o p x i et




r 8(z) = zp (2)7(z) (47)
+ ~= ~= ’Q’T
v(z) = T (z)p (z)q (z)z (48)
! where
¥
! v(z) = p (2)%(2) + q (2)8(z), (49)

and w(z) 1is a solution to the polynomial equation

TG

+ . . 2
pT(2)e(z) + q (2)zp" (2)7(z) = TT(2)p (2)q (2)z |

with

~+

and where q ,4 ,p° and p are defined by equation (20).

Proof: Using Proposition 3.2, we have

and using Lemma 4.2 and 4.3 our claim follows.
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Theorem 4.7 (sufficient condition): For the discrete control

system with output feedback and physically realizable plant

as in Theorem 4.6, let 7(a) and o(z) be the solution of

+ + ~- ~- .
pT(2)a(z) + q (2)zet(2)m(z) = ()P ()G (2)z | (37)

satisfying

where L. > 0 and the different polynomials are specified in
Theorem 3.9,

Let

B(z) = zp (2)7(2) (50)
then using
+ Q
D(z) = ﬂ:iﬁl_iil (51)
p (z)B(z)

as a series compensator, the closed-loop system is stable, the
first variation will vanish and the second variation is positive
semi-definite for all increments in &(z) and B(z). If,

furthermore, QT is chosen so that QT > lG, then D(z) 1is also

O S ———
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; physically realizable.

Proof: First using Lemma 4.4, the pair o(z), and T7(z) is

unique. From equation (8)

T(z) = P (\Z/)(i(z)

A7)

where v(z) is

ARG, "% P

+ ~ = ~ - 9“T :
v(z) = T (z)p (z)q (z)z (52) ;

duc to the way B(z) 1is selected. Hence, T{(z) 1is stable, and

 Ter e AT, TR, - TS 7 T

_i‘
By Lemma 4.3, c(z) (equation (32)) is analytic inside the in i

unit circle and, by equation (29), the first variation is zero.
Also, by Lemma 4.5 the second variation of equation (53) is

positive semidefinite for all increments of the polynomials &(z)

and B(z).

Now, by our choice of 7(z),a(z) and consequently of

8 =8 +1+8 _+ (85 + 0. -1)

B(z)




..23_.

Therefore, using ¢ =38 and QT > 0 we have

and if we choose RT > QG then, by Proposition 3.2 the

compensator D(z) 1is physically realizable.

V. The Minimum Square Error.

For the unconstrained problem we could have used the
Wiener solution to obtain the open-loop otpimal filter. For

the case of simple poles, the optimal filter transfer function

(our closed-loop transfer function) obtained using partial
fraction expansion[l] has no excess of poles over zeros, i.e.,
ET = 0.

Realizing this optimal Wiener filter T(z) using series

compensator configuration, we have that

- 1 T(2)
D(2) = 502y T-T(2)
Hence, if QG > 0, QD = -QG and D(z) 1is physically un-

realizable. By increasing QT’ D(z) becomes realizable
although, obviously, the cost increases. One possible physically

realizable solution can be obtained by choosing the minimal

possible Lo for which QD = 0; that is Lp = Lo Therefore,

using Theorem 4.7,
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D(z) = (_:‘(Z)q*-(z) (54)
zp (z)p (2)7(z)

where @(z) and T7(z) are the solution pair of equation (37).
To find the minimum squared error, substitute equations

(50) and (52) into equation (27) to get

5 ;oL éq'(z)o*(z)ﬂ(z)
BT ()57 ()47 (2)
¢z he'zhre™) @te) d (55)

T E et () f
where by equation (20)

q (z)

fa]
~
N
~—
1}
N

gz hH =29 G (2).

Also, it is possible to prove (see Appendix A, Claim (A-2))

that

ORI N
o7 (z)1 (27

and equation (54) thus becomes
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; v J o= L é n(z)n(z_l) dz
Ml e h ®

Again, with

m(z’hy =2 " a(2)

-

[ 7

‘f! and
:Q. -6
1 p =2 P ()
we have
P Y SR TCOLIC M
T p ()P (2)2
Hence,

§ Res| Z"(Z)ﬁ(” ] (56)
2 Sp7 ()77 (2)

(-
I

is on all the residues inside tihe unit
£
at the poles of =z Gp (z).

where the summation

circle; 1i.e.

VI. Lxamples.

{1) Consider the plant

_ z2-2
6(2) = Gz S




and the transformed step input sequence

U(Z) = Z‘__l
From equation (1) we get,
+ -
q (z) =z - 0.5, q (z) =2z - 1,2
+ -
p (z) =1, p (z) =z -2
and by equation (22)
_ z
°(2) = Ty
Hence,
' (z) = z T (z) = 1
+ -
p (z) = 2z -1 p (z) =1 - z

Equation (37) becomes

(z-2)a(z) + (z-1,2)z(z-1)m(z) = z+(1-2z2)(1-1,2z)-z

where we chose lT = QG = 1. Dividing both sides by 1z, we

have, in the notation of Lemma 4.4,




|

T (z-2)a'(z) + (2-1,2)(2-1)7(z) = z(1-22)(1-1,22)

The unique solution of this equation that satisfies

Sgr = 8,-1=6 _+ 38 -1=1 and 6, = 6 _ ¢+ 2 - 1 =1 is
T q P
given by
]
T(z) = 5.7 + 2.4z
a'(z) = 3.42 - 3.62z.

The compensator D(z) (equation (54)) is, therefore,

_ (2-1/2)(3.42-3.622)
D(2) = “D 5. 7+

and using equation (56), the minimum square error is

- (5.7+2.42)(2.4+5.72), _
J = ZEORes[ (2D (1-22) ] = 17.31.
z
(2) Consider the plant
G(z) = (z-3/2)(z+2) la], |8] <1

(z-0)(z-B)

and the transformed sequence




v For this case we have,

pT(z) =z - 1

and the equation to solve

(z-3/2)(z+2)a(z) + z(z-1)7(z) = (1-32)(1 -

with dn =1 and 6,6 = 1.

o The unique solution

equating different powers of 2z, yielding

a(z) = - 3 (1+52)
m(z) = % (11+16z).

With this, equation (54) yields the compensator

_ {(z-v -B) (1+5
D(z) = - zi(i%§§fi%£16z§)

with minimum square error J = 27.55.

a'(z) = (z-9)(z-B), q (z) =1
2 p (z) =1 , P (z) = (z-
' ™(z) =1 - 3z , T (z) = z -
2

3/2)(2+2)

3

, o (z) =1 - z,

%z)(1+22)

can be found by

[
TP
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VII. Conclusions

Output feedback with a series compensator were considered,
in controlling the SISO discrete system to track a given input
sequence. MSE criterion of design was used in a variational
problem whose solution yielded the required compensator trans-
fer function D(z). This compensator was constrained to be
physically realizable and the resultant closed-loop system to
be both stable and physically realizable.

It turns out that for D(z) to be the required optimal
solution, it must include two polynomials o(z) and B(z)
that have to satisfy some polynomial equation whose parameters
are obtained from the input transform and the plant. On the
other hand using the solution of this polynomial equation
(which, under certain polynomial degree conditions is unique)
D(z) 1is the required optimal compensator. Two examples, that

were worked out, present the detailed steps required.
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APPENDIX A

The =z transform of the input sequence is given by

I K
T (z-a)TT (z-0)
U(z) = ZL i=1 k;l

; N (A'l)
| TT (b, TT (28
n=1 m=1

ey

where ai,b Bk and &, are nonzero scalars, which satisfy

<1, Ib <1, ol <1 and 8] <1.

L is some integer (positive or negative). For U(z) to be

causal we must have

N+M>L+1+K. (A-2)

Hence,

o(z) b U()u(z™

I K K I
T(z-a.)Tl—(l-otkz)—r[—(z-ak)j_r(l-aiz)
S i=1 L k=1 K=1 i=1 (A-3)

= 2

; M M N
‘IT(z-bn)Tr(l-Bmz)Tr(z~Bm)Tl‘(Lbnz)
n=1 m=1 m=1 n=1

where

S=N+M- (I+K). (A-4)

2 W W




If we separate the poles and zeros to those inside, and those
outside the unit circle, i.e., if

o(z) = TR0

¢ (2)9 (2) 4
then we must have
S
+ 7 [l+sgn S] 1 K
T (z) =2 TT (z-a )T (1-0,2) (A-5)
i=1 k=1
i K I 1
T (z) = T (=2 )T (1-a;2) (A-6) i
k=1 i=1
. > [sgn s-11_N M
P (z) = z TT (z-b ) TT (1-8_2) (A-7)
n=1 D=1 m
i M N
P (z) =TT (z-8)7TT (1-b_z). (A-8)
m=1 n=1

Notice that by equations (A-2) and (A-4), S > L, so that for
L >0, S is non-negative.

Claim A-1:




-

proof. By equation (20)

é
~+ I+ + -1 3
T (z) =z T (z7)
and from equation (A-5)
§ =2 [1+sgn S] + I + K (A-12)
o+ > gn .

Thus, using equation (A-5), we have

1 K )
@) = 2T e T a2 ™,
i=1 k=1

and comparing with equation (A-6), equation (A-9) follows.
A similar proof applies to equation (A-10). Finally,

substituting equation (A-4) into equation (A-12), we have

§ , = > [l+sgn S] + N+ M-S

= [sgn S-1] + N + M

[\ST )

and comparing with equation (A-7), equation (A-12) follows.

Claim A-2:

M CHS LA IR (A-13)

e ()t 2 h




Proof. By equation (20)

-8,
Feh = T
and using equation (A-9)
-6,
Tz =2 Tt (A-14)
Similarly, applying equation (20) to o*(z" Yy and using
equation (A-10) we have
+,. -1 -dp+ -
p (z ) = 2 P (z). (A-15)

Using equations (A-14) and (A-15), together with (A-11), yield

our claim.
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APPENDIX B

Consider the space P of pairs of polynomials

(«(z),B(z)) of degrees &, and GB respectively, i.e.

§

a .
a(z) = § a2z’ (B-1)
i=0
68 .
B(z) = 1} Biz (B-2)
i=0
(where o and Bi are numbers) such that
§ =6 _+ 8,58 +6 (B-3)
A q B D a

where

v(z) = p (z)a(z) + q (z)B(z).

Clearly, P 1is a linear space

The first variation of J.

Let (hl(z),hz(z)) € P be movements of (%(z),B(z)).

The corresponding increment of the functional J of ]

equation (26) is,
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AJ

i}

!
- t
J(@+hy,B+hy) - J(u,B) ?

AT @) AT e (0 L2

%é (1-T(z))(1-T(2'1))¢>(ZJ§§

where T(z) 1is given by equation (10) and

p (z)(«(z) + hy(2))
T'(2) = — ' . (B-4)
P (z)(*(z) + hy(2)) + q (2)(B(z) + h,(2))

Using Taylor's theorem we get

J= - 7%3 é (l-T(Z))U[T(Z-l)]Q(Z)%§
] 7%7 ﬁ (1-T(z'1))u[T(2)]®(z)%%
~ 715 § (1-1* (23?11 (z- Do) L2
) 7%3 ¢ a-1" " w1t () 1e(2) 82
' #? § T @) T D e s . L (B-3)

In terms of the increment polynomials hl(z) and hz(z), it

can be shown, that




WT(z) = B;Lilﬂ;%il r[K(z)],

(v(z)]

wiT(z) = 22 (2)a (2) v o) uk(2) ]

[v(z)]°
+ 2(20a (2) 2 (g (q),
[v(z)]
where
v(z) = p (z)a(z) + q (z)B(z),

wv(z) = P—(Z)hl(z) + q-(z)hz(z),

uK(z) = B(Z]hl(Z) - “(Z)hz(z),
and

u¥K(z) = 0.

The (*) sybolize the fact that the corresponding terms are
evaluated at w(z) + Slhl(z) and B(z) + 92h2(z) with

0 <6,,8,<1. It is easy to show by substituting 21 for
z that the first and the second integrals of equation (B-5)

are identical and so are the third and fourth. Therefore;




g - peldie ) iz 997G (g (7Y - aghh b

v(z) vz Hy?

+ Téq (Z)B (z) ¢ (2) P (Z )q (Z ) p (z )h (z ) + q—(z—l)hz(z-l

v (z) v (2" )]

(8 @Y - @@, )%

+ _%é@(z) R(Z)q (Z) p (z )q (Z ) (8% (2 )h (z” ) - o (z )h (z ))

v (z)] v*(z" )]

<8 () (2) - o (2)hy(2))%Z (-6)
where

a®(z) = a(z) + 8 h(2)

~
o~

—
It

B(z) + O,h,(z)
for some 0 <6., 6, <1 and
* - * - *
V. (z) =p (z)07(z) +q (2)B (z) -

By the definition of the linear space (a*(z),8%(z)) P.

Also, 6v* = dv and §[p (z)hl(z) +q (z)hz(z)] = Sv. Using
equation (20), we have for the first integral in (B-6)

))




~ -

- .- ) .
AJ1 = %% é ﬂ,é%%?iil ¢ (z) E_Lllﬂ_éil z T(é(z)hl(z)

[v(z)]
~ - dz

- a(2)h,(2))5 (B-7)

where we used the following
286 (8 _ + 686 _ + 6+ 66) = 2(6 _ + GB) - (8 +6_ + 5+ 68)
Viop q a q p q

=68 + GB - (8 +6,)
q )%

= QT_

For the second integral in (B-6) we have,

- * ~ - ~ -
by, = & @ 4 (2)8 (2) o (5) BL2)(2) (57 (2)f (2) + § (2)fi,(2))

mj V*(Z) [5*(2)]3
QT * d
~ % ~ - ~
z (B"(2)h (z) - @ (z)hz(z))—zE : (B-8)
Using the norm
Sy 68
IChy,hy) (I = max( L [hysl, 1 [hys]),
1’72 j=0 11 j=0 21
AJZ
it is possible to show that, TR h; > 0 as || (hy,h))|| » 0.

For the second integral in (B-6) we have,

v Dok 0 S S s . M Sl 1 M Wbt . 41 A5 S b+

it ok S a

ih

oA i i ol




- 1?1— (ﬁ _(,Z_)ﬂi}i_ IE__(QC)L%Z_ (é*(z)ﬁl(z) - 5*(z)52(2))
[(v*(z)] v©(

| (8" (0)h; (2) - o*(2)h, N . (B-9)

Similarly, AJs/ll(hl, 2)|| +~ 0 as ||(h1,h2)|l > 0.

the functional J 1is differentiable with

Therefore,

L |
Wty hy) = 7 55 ROHONNG B_E;%C)L],(Q TE@h, @) - 1
- AR, )L . (B-10)

The second variation of J.

From equations (B-6), (B-7), (B-8)

and (B-9) it is obvious that the second variation of J is

e e A e i it F

2 _ 2 faq (2)8(2) P (z2)q (2)
u“Jh, ,h - $(z)
[hy >y mj é v(z) i ¥(z)1°

(ﬁ“(z)ﬁl(z) +q (2)fy(2)

x (B, (2) - G2,y (2)LE

AR, ERi ,

(B(Z)h (z) - 4(2)h,(2))
[v(z)]? @1

* (B(z)hy(2) - O‘(Z)hz(Z))%z- . (B-11)

Lemma B-1. Let A(z) and B(z) be two given relatively prime

polynomials. If
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for any u(z) of a given degree 6p, éu > 68 - 1, then

A(z)/B(z) must be analytic inside the contour of integration.

Proof. By contradiction, assume that B(z) has a pole of
multiplicity v, v < 6B inside the contour of integration,
i.e., B(z) = cl(z)(z-a)\’, C;(®) # 0 for some «. Choose u(z),
to have a pole at @ of multiplicity Vv - 1, i.e.,

M(z) = Cz(z)(z—a)v'l, CZ(G) # 0. Hence, by the residue theorem

>

| (2) A@)C, ()
é B(z) u(z)dz = _EITET—__ #F0

which contradicts our assumption.
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